Closed String Emission from Unstable D-brane with Background Electric
  Field by Nagami, Kenji
ar
X
iv
:h
ep
-th
/0
30
90
17
v3
  2
2 
Ja
n 
20
04
TIT/HEP-507
hep-th/0309017
September, 2003
Closed String Emission from Unstable D-brane with
Background Electric Field
Kenji Nagami
Department of Physics, Tokyo Institute of Technology,
Meguro, Tokyo 152-8551, Japan
nagami@th.phys.titech.ac.jp
Abstract
We study the closed string emission from an unstable Dp-brane with constant
background electric field in bosonic string theory. The average total number den-
sity and the average total energy density of emitted closed strings are explicitly
calculated in the presence of electric field. It is explicitly shown that the energy
density in the UV region becomes finite whenever the background electric field is
switched on. The energy density converted into closed strings in the presence of
electric field is negligibly small compared with the D-brane tension in the weak
string coupling limit.
1 Introduction
Tachyon condensation has been an issue in string theory [1, 2]. The decay process of
an unstable D-brane can be described by tachyon condensation in the world volume
effective field theory. It is observed that the decay leaves such objects called tachyon
matter behind that they have the same energy density as the tension of the initial
unstable D-brane, and localize on a hyper plane along which the initial unstable D-brane
was extended, and have vanishing pressure [3]–[10].
For the case of the unstable D-brane with conserved electric flux on its world volume,
it is shown that the fundamental string fluid also remains [11]. It is expected that the
electric flux confines in spatially inhomogeneous tachyon condensation and behaves as
fundamental string [12]–[19]. Then the decay of the unstable D-brane with conserved
electric flux includes intriguing physics.
The time dependent decay process called rolling tachyon can also be described by a
boundary CFT with time dependent boundary interaction [3, 4, 20]. Then the result-
ing boundary states have time dependent wave functions, which play roles as sources
in equations of motion in closed string field theory. As is well known in field theory,
time dependent sources radiate particles, then the radiation of closed strings would be
certainly expected in string theory. The closed string one point function on disk is of
order g0s , then the radiation of closed strings is possible even in the weak string coupling
limit gs → 0.
From thermodynamic point of view, the pair creation of open string massive modes
is studied in the rolling tachyon background [21, 22]. The boundary CFT with the time
dependent boundary interaction for half S-brane is identified with a timelike boundary
Liouville theory that is obtained by a special analytic continuation of the ordinary space-
like one [23, 24, 25]. Then the study on the rolling tachyon can be also performed by
using the Liouville theory and a related c = 1 matrix model [26].
It would be significant to consider whether energy stored in the initial unstable D-
brane is diffused into the transverse directions in the decay process. Then it is necessary
to evaluate the energy density carried by emitted closed string and compare it with the
tension of the initial unstable D-brane. The energy density is approximately calculated
by using the boundary CFT with the time dependent boundary interaction, and turns
out to have the UV divergence for p ≤ 2. The average transverse velocity of emitted
closed string massive modes is also evaluated, and it is found that the emitted closed
string massive modes slowly move apart from the initial unstable D-brane [27, 28].
In this paper we study the decay of the unstable Dp-brane with constant background
electric field on its world volume in bosonic string theory. In section 2 we briefly review
the analysis of the Dp-brane decay using the boundary CFT, and the generalization to
the case with the background electric field [29, 30]. In section 3 we determine the average
total number density and the average total energy density of emitted closed string modes.
It is explicitly shown that the part coming from the closed string UV region becomes
finite for any values of p whenever the background electric field is switched on. The part
coming from the closed string IR region is shown to be finite for p < 23. We also evaluate
the average transverse velocity of emitted closed string massive modes in the background
electric field, and observe that they still localize in high density near the hyper plane
along which the initial unstable D-brane was extended. We shall mainly consider the
case of the half S-brane, and the result for the full S-brane is summarized in Appendix.
2 Rolling tachyon boundary state
We begin with the rolling tachyon on an unstable Dp-brane in bosonic string theory
without a background electric field. The system can be described by a boundary CFT
with a time dependent boundary interaction, which we briefly review. We shall mainly
study the particular case (called half S-brane) [21, 31] in which the open string tachyon
sitting at the unstable vacuum in the infinite past rolls down the potential to the locally
stable vacuum in the infinite future, in a spatially homogeneous manner. This is described
by a boundary CFT with an exactly marginal boundary interaction
Sbnd = λ
∫
∂Σ
dτ eX
0
(τ), (1)
2
where we have the boundary of the worldsheet ∂Σ parameterized by τ . We use the α′ = 1
unit throughout this paper. The overall parameter λ might seem to specify an initial
condition, but it can be absorbed into time translation, then it has no physical sense.
We can also study the case (called full S-brane) [3, 4] in which the open string tachyon
sitting at a locally stable vacuum in the infinite past is lifted to the unstable vacuum by
some incoming closed string radiation, then successively rolls down the potential with
closed string radiation to the locally stable vacuum in the infinite future, in a spatially
homogeneous manner [32]. The result for the full S-brane is summarized in Appendix.
The boundary state for a Dp-brane in this boundary CFT is represented as
|B〉 = Np |B〉0 ⊗ Πpi=1 |N〉i ⊗ Π25a=p+1 |D〉a ⊗ |B〉gh , (2)
where Np is a normalization constant Np = π
11/2(2π)6−p [33]. |N〉 and |D〉 denote the
usual boundary states in free CFTs for directions with Neumann and Dirichlet boundary
conditions, respectively. |B〉gh is in bc-ghosts CFT [34, 35].
|B〉0 is in the boundary CFT with the time dependent boundary interaction (1).
One can construct it by noting that the boundary interaction term becomes one of
the generators of SU(2)1 current algebra. In compact space with self-dual radius, the
boundary state is specified as the SU(2) rotated Neumann state, then the form in non-
compact space is obtained by projection of it. That is specified as a linear combination
of the Ishibashi states with coefficients of SU(2) rotation matrix elements [36, 37],
|B〉0 =
∑
j=0, 1
2
,1,···
j∑
m=−j
Djm,−m(R) |j;m,m〉〉 , (3)
|j;m,m〉〉 denotes the Ishibashi state for Virasoro algebra [38] and Djm,−m(R) denotes
matrix element of a spin j representation with a rotation matrix [39, 40]
R =

 1 2πiλ
0 1

 . (4)
One can decompose (3) in terms of oscillators,
|B〉0 = ρ(xˆ0) |0, 0〉+ σ(xˆ0)α0−1α¯0−1 |0, 0〉+ · · · , (5)
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where |0, 0〉 denotes the SL(2, C) vacuum and · · · represents states with higher excited
level. αµn and α¯
µ
n are understood to denote the oscillators of holomorphic and antiholo-
morphic parts of Xµ, respectively. The wave functions in coordinate space turn out to
take the following form by analytic continuation,
ρ(x0) =
1
1 + λˆex0
, σ(x0) = 2− ρ(x0), (λˆ = 2πλ).
In the representation (3), each descendant state is constructed on a primary state with
discrete labels. Boundary state may have a representation constructed on a primary
state with continuous labels [41, 42],
|B′〉 =
∫
dk0x
2π
U(k0x)
∣∣k0x〉〉 , (6)
where |k0x〉〉 denotes a Ishibashi state constructed on a highest weight state |k0x〉. k0x
denotes a momentum eigenvalue for the direction X0. Although the two representations
of boundary state (3) and (6) are constructed on different vacuum representations of
Virasoro algebra, they give a same value for physical observable as seen later. The
Virasoro operators are understood to be expanded in oscillators,
Lx
0
n = −
1
2
∑
m∈Z
◦
◦α
0
m+nα
0
−m◦◦, L
x1
n =
1
2
∑
m∈Z
◦
◦α
1
m+nα
1
−m◦◦, (7)
where ◦◦ ◦◦ denotes the normal ordering. The antiholomorphic parts are as well. The
coefficient U(k0x) is to be determined, and related to one-point function of a primary
field on disk,
U(k0x)
∗ = 〈B′ ∣∣k0x〉 =
〈
: e−ik
0
xX
0
(0, 0) :
〉
disk
,
where : : denotes the normal ordered product. By using the form of boundary state (5),
it is determined to be
U(k0x) = e
−ik0x ln λˆ π
sinh(πk0x)
.
The overall parameter λ in (1) appears only in the phase factor as expected, then it does
not appear in the physical amplitude. We shall study the rolling tachyon in a constant
background electric field. This system can be described by a boundary CFT with a
4
following world sheet action
S =
1
4π
∫
Σ
d2σ ∂aY
µ∂bY
ν(δabηµν + iǫ
abFµν) + λ
∫
∂Σ
dτ e
√
1−e2Y 0(τ), (8)
where we can use the Lorentz rotation symmetry to set the direction of the constant
background electric field to be Y 1 without losing any generalities, that is, non-vanishing
components are F01 = −F10 = e. Fµν is understood to be scaled by 2π for simplicity.
ǫab is an usual antisymmetric tensor on world sheet, hence ǫ12 = −ǫ21 = 1 on flat space.
The boundary interaction term is still marginal.
The constant background electric field can be turned on by using T-duality and
Lorentz boost1. Then the boundary state (2) can be converted into that with the constant
electric field by simple replacements [30],
|0, 0〉 → γ−1 |0, 0〉 , xˆ0 → γ−1yˆ0,
 α0n
α1n

→ Λ−1

 β0n
β1n

 ,

 α¯0n
α¯1n

→ Λ

 β¯0n
β¯1n

 , (9)
Λ = γ

 1 e
e 1

 , Λ−1 = γ

 1 −e
−e 1

 , γ−1 = √1− e2,
where βµn and β¯
µ
n are understood to denote the oscillators of holomorphic and antiholo-
morphic parts of Y µ, respectively. The resulting boundary state for the Y 0 and Y 1
directions can be decomposed in terms of oscillators,
|B〉Y 0,Y 1e ={ρe(yˆ0) + σe(yˆ0)γ2(β0−1 − eβ1−1)(β¯0−1 + eβ¯1−1) + · · · }
× {1− γ2(β1−1 − eβ0−1)(β¯1−1 + eβ¯0−1) + · · · } |0, 0〉 , (10)
with modified wave functions,
ρe(y
0) = γ−1ρ(γ−1y0), σe(y
0) = γ−1σ(γ−1y0). (11)
Note that the time evolution of wave functions is slowed down in the background electric
field. This is caused by the fact that the effective tension of fundamental open string
1In the case of free CFT, the explicit form of the boundary state with background gauge field can
be seen in, for instance, [35, 43, 44].
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decreases with the strength of the background electric field, and vanishes in the critical
limit, then the absolute value of mass square also has the same behavior [45].
The prescription (9) can also be used to construct a representation with continuous
labels of boundary state for the Y 0 and Y 1 directions. It turns out to be given by
|B′〉Y 0,Y 1e =
∫
dk0y dk
1
y
(2π)2
U(k0y , k
1
y)
∣∣k0y , k1y〉〉 , U(k0y , k1y) = e−iγk0y ln λˆ 2π
2
sinh(πγk0y)
δ(k1y),
(12)
where the delta function on momentum comes from the translational invariance of the
specified direction.
∣∣k0y , k1y〉〉 is constructed from a direct product of Ishibashi states in
the case without background electric field, |k0x〉〉 ⊗ |k1x〉〉, by using the prescription (9)
and replacements k0x → γk0y, k1x → k1y and xˆ1 → yˆ1 so that the highest weight state
with specified momentum eigenvalues are properly normalized. The acting Virasoro
generators are such that each oscillator α is replaced with β according to (9) in the
expanded forms (7), and let us denote them with superscript ′. The replacement (9) may
look like a Lorentz boost, but only with opposite boosted directions for holomorphic and
antiholomorphic parts. Then they satisfy the following relations,
Lx
0′
n + L
x1′
n = L
y0
n + L
y1
n , [L
y0
0 + L
y1
0 , L
x0′
−n] = nL
x0′
−n, [L
y0
0 + L
y1
0 , L
x1′
−n] = nL
x1′
−n, (13)
where Ly
0
n and L
y1
n denote Virasoro generators for the Y
0 and Y 1 directions, and are
understood to be expanded in oscillators,
Ly
0
n = −
1
2
∑
m∈Z
◦
◦β
0
m+nβ
0
−m◦◦, L
y1
n =
1
2
∑
m∈Z
◦
◦β
1
m+nβ
1
−m◦◦. (14)
The antiholomorphic parts are as well.
3 Closed string emission amplitude
We will study the closed string emission from the unstable Dp-brane on which open
string tachyon rolls down the potential in the background electric field. We work out
in the lowest perturbation level of string coupling where interactions between emitted
closed strings are neglected, as in [27, 28]. The average total number of emitted closed
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string modes N¯ may be determined as a Lorentzian cylinder amplitude by virtue of the
optical theorem,
N¯ = Im
〈
B′
∣∣∣∣ b
+
0 c
−
0
2(L0 + L¯0 − iǫ)
∣∣∣∣B′
〉
(15)
= Im
∫ ∞
0
dt
〈
B′
∣∣∣∣e−2t(L0+L¯0−iǫ)b+0 c−0
∣∣∣∣B′
〉
.
One may straightforwardly calculate this by using the relations (13), but would encounter
an ill-defined contribution from oscillators of timelike direction Y 0,∫
dk0y
π
2 sinh2(πγk0y)
et(k
0
y)
2
η
(
i
2t
π
)−1
. (16)
Then we invoke the regularization procedure using q-gamma function to obtain a well-
defined result [46]. Let us define the character as
χα(q) = η(q)
−1 q−α
2
. (17)
The character can be expressed by the modular transform of it,
χα(q˜) =
√
2
∫ ∞
−∞
dν cosh(4παν)χiν(q), (18)
where q˜ is a modular transform of q, and vice versa. It is suitable for the current problem
to take as
q = e−
pi2
t , q˜ = e−4t. (19)
Then the equation (16) is represented as the b→ 1 limit of
π√
2
∫ ∞
−∞
dk0y
∫ ∞
−∞
dν
(
cosh(2πk0yν)
sinh(πk0yb) sinh(πk
0
y/b)
)
χiγν(q). (20)
This has a double pole at k0y = 0 that does not contribute to the integral, hence can be
subtracted without changing value of integral [42]
π√
2
∫ ∞
−∞
dk0y
∫ ∞
−∞
dν
(
cosh(2πk0yν)
sinh(πk0yb) sinh(πk
0
y/b)
− 1
(πk0y)
2
)
χiγν(q). (21)
This can be represented by using an integral representation of the q-gamma function
Sb(x) [47, 41, 42],
lnSb(x) =
∫ ∞
0
dt
t
(
sinh((Qb − 2x)t)
2 sinh(tb) sinh(t/b)
− (Qb/2− x)
t
)
, Qb = b+
1
b
. (22)
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Then the equation (21) becomes
√
2
∫ ∞
−∞
dν χiγν(q) ∂ν lnSb
(
Qb
2
− ν
)
. (23)
The q-gamma function Sb(x) has zeroes at x = Qb + nb + m/b and simple poles at
x = −nb − m/b for non-negative integers n and m. According to [46], the contour is
allowed to include the zeroes that give rise to poles in the integrand, then the integral
(23) leads to imaginary parts given by
23/2π η(q)−1
∞∑
m,n=0
e−((n+
1
2
)b+(m+ 1
2
)/b)2 pi
2γ2
t
b→1−→ 23/2π η(q)−1
∞∑
n=1
n e−
pi2γ2
t
n2. (24)
This result incorporates with the contributions from space-like directions and ghosts to
give the average number of emitted closed string modes per unit volume,
N¯/Vp = 2
−12−pπ12−
3
2
p
∞∑
n=1
n
∫ ∞
0
dt t−
26−p
2 e−
pi2
t
γ2n2 η
(
i
2t
π
)−24
= 2−pπ−p/2
∞∑
n=1
n
∫ ∞
0
ds s−1−
p
2 e−sγ
2n2 η
(
is
2π
)−24
, (25)
where s is a length of annulus with width π and 2t is a length of cylinder with cir-
cumference 2π, hence they are related by s = π
2
t
. Note that the contribution from the
background electric field appears as a factor of γ in the exponent. The equation (25)
implies that the excited states for the timelike direction Y 0 do not contribute to the
amplitude. This is an analogue of the no-ghost theorem [48, 49] in the case with the
background electric field. Then, regarding the closed string emission amplitude, it is
adequate to take account of the time dependence coming only from states without any
excitations of Y 0 direction, that is, ρe(y
0). This plays a role as a time dependent source
in equations of motion that can be specified by decomposing the equation of motion in
closed string field theory into those for component fields,
(QB + Q¯B) |Ψ〉 = |B〉 .
The average total number of emitted closed string modes N¯ may also be represented as
a simple generalization [27, 28] of the case in field theory,
N¯ =
∑
s
1
2Es
|ρ˜e(Es)|2, (26)
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where ρ˜e(E) is Fourier transform of the time dependent source ρe(y
0),
ρ˜e(E) =
∫
dy0ρe(y
0)eiEy
0
= −i e−iγE ln λˆ π
sinh(πγE)
,
and E is energy of emitted closed string mode with the same level N for left and right
movers and transverse momenta k⊥,
E2 = |k⊥|2 + 4(N − 1).
The sum on s in (26) denotes integrals of transverse momenta and level sum with density
of states dN defined by Π
∞
n=1(1 − qn)−24 =
∑∞
N=0 dNq
N . Each state excited in spatial
directions is unit normalized, then the whole state with the same level N contributes by
dN . Vp denotes a spatial volume of Dp-brane, as (2π)
pδp(k‖ = 0) =
∫
dpx‖ = Vp, where
the delta functions making tangential momenta zero come from translational invariance
of Neumann directions. Fourier transform of the wave function for Dirichlet directions
is e−ik⊥x0 if D-brane is located at x0 in transverse directions, then they contribute by 1
to the square of absolute value. One can find N¯ to be specified by the same equations as
(25). The average total energy of emitted closed string modes E¯ is represented as well
E¯ =
1
2
∑
s
|ρ˜e(Es)|2, (27)
and the similar calculation leads to
E¯/Vp = 2
−12−pπ13−
3
2
p
∞∑
n=1
n2
∫ ∞
0
dt t−
28−p
2 γe−
pi2
t
γ2n2η
(
i
2t
π
)−24
(28)
= 2−pπ−1−
p
2
∞∑
n=1
n2
∫ ∞
0
ds s−
p
2γe−sγ
2n2η
(
i
s
2π
)−24
. (29)
We shall analyze the alternative regions of modulus s(t) to study the convergence of
E¯, up to an overall numerical factor. We explicitly study only the case of E¯, but N¯ is
obtained by replacing p with p + 2 in E¯, up to an overall numerical factor.
UV region: s > Λ
E¯/Vp → γ
∞∑
n=1
n2
∞∑
N=0
dN
∫ ∞
Λ
ds s−
p
2 e−s(γ
2n2+N−1), (30)
9
where a cut off parameter Λ > 0 is introduced into the s-integral (29) in order to make
the power series expansion well-defined. The sign → denotes that the right hand side
does not include the contribution from the closed string IR region. It follows from
the equation (30) that there is no UV divergence under the s-integral whenever the
background electric field is turned on, that is, γ > 1. Note that in the case with no
electric field (γ = 1), the s-integral for n = 1 and N = 0 gives rise to a closed string UV
divergence for p ≤ 2, and this fact corresponds to the result obtained in [27, 28]. The
right hand side of (30) can be represented as
γ
∞∑
n=1
n2
∞∑
N=0
dN (γ
2n2 +N − 1) p−22 Γ
(
2− p
2
,Λ(γ2n2 +N − 1)
)
, (31)
by using the incomplete Gamma function defined by
Γ(z, α) =
∫ ∞
α
ds sz−1e−s, (α > 0). (32)
We shall aim to show the convergence of the infinite sum (31), then it is adequate to
show the convergence of a partial sum in which n and N run from some finite numbers n′
and N ′ to∞. With large n′ and N ′, the asymptotic forms of Γ(z, α) and dN are available
in the infinite sum. The partial sum that might give rise to divergence is represented as
γΛ−
p
2
∞∑
n=n′
∞∑
N=N ′
n2N−
27
4
γ2n2 +N
e4π
√
Ne−Λ(γ
2n2+N)/2. (33)
This is smaller than an infinite sum given by
γΛ−
p
2
∞∑
n=n′
∞∑
N=N ′
n2N−
27
4 e4π
√
Ne−Λ(γ
2n2+N)/2. (34)
This can be represented as a double sum made of a positive term series on n and one on
N that are convergent, respectively. Then the double sum (34) is convergent, hence the
right hand side of (30) is also convergent.
Accordingly, it appears that the energy density coming from the closed string UV
region is finite whenever the background electric field is turned on. The original unstable
D-brane tension is infinite in the week string coupling limit gs → 0. Then it follows that
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the only a negligible portion of the energy density stored in the unstable Dp-brane is
converted into the closed string UV region for any values of p. One can evaluate the
transverse velocity of closed string massive modes for p < 25. The production probability
of closed string modes with transverse momentum k and level N is found from the
equation (26) to be proportional to
[√
k2 + 4(N − 1) sinh2(πγ
√
k2 + 4(N − 1))
]−1
=: PN (k), (35)
then the expectation value of transverse momentum square can be defined as
〈
k2
〉
N
=
∫
d25−pk k2PN(k)∫
d25−pk PN(k)
. (36)
For a fixed high level N , PN(k) is approximately given by
PN(k) ∼ 4√
k2 + 4N
e−2πγ
√
k2+4N . (37)
By using this formula for PN(k), the denominator of (36) is specified as
cγ−
24−p
2 N
24−p
4 K(24−p)/2(4πγ
√
N) ≈ c′N 23−p4 γ− 25−p2 e−4πγ
√
N , (38)
where c and c′ are numerical constants, ≈ means the saddle point estimation, and Kν(z)
denotes the modified Bessel function defined by
Kν(z) = 2
−ν−1zν
∫ ∞
0
dt t−ν−1 exp
(
−z
2
4t
− t
)
. (39)
The numerator of (36) is specified as well,
[
1
(2π)2
d2
dγ2
− 4N
] ∫
d25−pk PN(k) (40)
≈ c′
[
25− p
π
N
25−p
4 γ−
27−p
2 +
(25− p)(27− p)
16π2
N
23−p
4 γ−
29−p
2
]
e−4πγ
√
N . (41)
Then the expectation value of transverse momentum square behaves up to the leading
term for a fixed high level N as
〈 k2〉N ∼ 25− p
π
N1/2γ−1 +
(25− p)(27− p)
16π2
γ−2 (N ≫ 1). (42)
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For nonrelativistic particles, the corresponding velocity is determined by simply dividing
momentum by mass (∼ N1/2), then the resulting expectation value of transverse velocity
for closed string massive modes behaves as γ−1/2N−1/4. This result corresponds with [27,
28] in the limit of vanishing background electric field (e→ 0, hence γ → 1). The emitted
closed string massive modes would move apart from the unstable D-brane slowly and
slowly with mass, then the collection of them has high density even in the background
electric field.
IR region: t > Λ′
E¯/Vp → γ
∞∑
n=1
n2
∞∑
N=0
dN
∫ ∞
Λ′
dt t−
28−p
2 exp
[
−π
2γ2n2
t
− 4(N − 1)t
]
, (43)
where a cut off Λ′ > 0 is introduced in the t-integral (28) in order to make the power
series expansion well-defined. The sign → denotes that the right hand side does not
include the contribution coming from the closed string UV region. The N = 0 part
comes from the closed string tachyon, and it diverges. The closed string tachyon does
not appear in superstring theory, then we would not suffer from the divergence from it.
The N = 1 part comes from the closed string massless mode, and it can be represented
as
γp−25
∞∑
n=1
np−24 γ
(
26− p
2
,
π2γ2n2
Λ′
)
, (44)
by using the incomplete gamma function defined by
γ(z, α) =
∫ α
0
ds sz−1e−s = Γ(z)− Γ(z, α), (α > 0). (45)
We shall aim to study the convergence of the infinite sum (44), then it is adequate to
study the convergence of a partial sum in which n runs from a finite number n′ to ∞.
With large n′, the asymptotic form of γ(z, α) is available in the infinite sum. Then the
partial sum that might give rise to divergence is represented as
γp−25Γ
(
26− p
2
) ∞∑
n=n′
np−24 − π24−pγ−1Λ′ p−242
∞∑
n=n′
e−
pi2γ2n2
2Λ′ . (46)
The second sum is convergent, while the first is convergent only for p < 23. The apparent
divergence for p ≥ 23 certainly means that the back reaction is to be involved and the
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naive assumption of flat spacetime is not consistent with D-brane of codimension less
than 3. Incidentally, the radiation of closed string massless states from the full S-brane
type of rolling tachyon boundary state was examined in [50], where the energy density
loss was shown to be finite for p < 23, with which our result is consistent.
Next, let us estimate the energy density of closed string massive modes. It is given
by a partial sum in which N runs from 2 to ∞,
γ
∞∑
n=1
n2
∞∑
N=2
dN (N − 1)
26−p
2
∫ ∞
4(N−1)Λ′
dt t−
28−p
2 exp
[
−4π
2γ2n2(N − 1)
t
− t
]
. (47)
This is smaller than an infinite sum that is defined by taking a limit Λ′ → 0 in (47),
which is represented by using the modified Bessel function,
γ−
24−p
2
∞∑
n=1
n
p−22
2
∞∑
N=2
dN (N − 1)
26−p
4 K(26−p)/2
(
4πγn
√
N − 1
)
. (48)
We shall aim to study the convergence of the infinite sum (47), it is adequate to study the
convergence of a partial sum of (48) in which n and N run from some finite numbers n′
and N ′ to∞. With large n′ and N ′, the asymptotic forms of Kν(z) and dN are available
in the infinite sum. The part in the infinite sum (48) that might give rise to divergence
is represented by
γ−
25−p
2
∞∑
n=n′
∞∑
N=N ′
n−
23−p
2 N−
2+p
4 e−4πγn
√
N . (49)
This is smaller than an infinite sum given by
γ−
25−p
2
∞∑
n=n′
∞∑
N=N ′
n−
23−p
2 N−
2+p
4 e−4πγne−4πγ
√
N . (50)
This can be represented as a double sum made of a positive term series on n and one on
N that are convergent respectively, then this double sum (50) is convergent. This fact
explicitly shows that the energy density coming from the closed string massive modes in
the IR region (47) is finite even if the infinite sum on n and level N is involved.
The original E¯/Vp (28) or (29) can be represented as a sum of the right hand sides
of (30) and (43) with Λ′ = π2/Λ and suitable numerical coefficients. The energy density
converted into the closed strings in the presence of electric flux is explicitly shown to be
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negligibly small compared with the D-brane tension which is infinite in the weak string
coupling limit. Incidentally, it can be seen that the energy density decreases with the
strength of the background electric field, and vanishes in the critical limit. This behavior
comes from the slowly time dependence of source in the background electric field (11).
The form of (25) implies that the average total number can be equated with the
following amplitude in free CFT, in a similar way to [27, 28],
N¯ =
〈
B−
∣∣∣∣ b
+
0 c
−
0
2(L0 + L¯0)
∣∣∣∣B+
〉
, (51)
where boundary states |B±〉 are defined by
|B±〉 =
∞∑
n=0
∣∣Bp[x0 = ±i(2n + 1)πγ] 〉 ,
which describe a semi-infinite array of S(p − 1)-branes2 sitting along imaginary time
axis with period 2πγ. We emphasize that the period becomes longer in the background
electric field. The amplitude (51) can be interpreted as a sum of 1-loop amplitudes of
open strings stretching between each pair of S(p − 1)-branes at positive and negative
imaginary time. The IR dominant contribution comes from the lightest open string
stretching between the two closest S(p − 1)-branes at x0 = ±iπγ. The mass square
of this lightest open string mode is lifted to a positive finite value γ2 − 1, then no IR
divergence appears in this open string 1-loop amplitude. This corresponds to the fact
that the closed string UV divergence of N¯ and E¯ disappears whenever the background
electric field is turned on.
4 Conclusion
We have studied the tachyon condensation in the presence of background electric field
on an unstable Dp-brane in bosonic string theory. The average total number density and
the average total energy density of emitted closed strings were explicitly calculated. It
2S(p−1)-brane has p spatial directions with Neumann condition and 26−p directions including time
with Dirichlet condition, as originally defined in [32].
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was explicitly shown that the energy density in the UV region became finite whenever
the background electric field was turned on. The UV finiteness in the presence of electric
field was also expressed in the associated open string 1-loop amplitude. Incidentally, the
energy density in the IR region was also explicitly shown to be finite for p < 23, though
the apparent divergence for p = 23, 24 certainly indicated that the naive assumption of
flat spacetime was inconsistent with D-brane of codimension less than 3.
The energy density converted into closed strings in the presence of electric flux turned
out to be negligibly small compared to the D-brane tension that was infinite in the
week string coupling limit. The electric flux is generically identified with the conserved
fundamental string charge to which the Kalb-Ramond field couples. Accordingly, it
appears that the apparently missing part of the D-brane tension would be exhausted to
generate stretched fundamental strings under tachyon condensation. This observation is
consistent with the analysis in [51], where the direction parallel to the electric flux was
taken to be compact, and most part of the initial D-brane tension was observed to be
converted into winding states of closed string, which carried fundamental string charges
with finite energy costed. We note that the spacetime was noncompact in our analysis,
then no winding state was involved in the boundary state with which we calculated the
emitted energy density.
It was recently proposed that the collection of emitted closed string with very high
density could be effectively described with classical open string theories, and this de-
scription was also valid in the presence of electric field [52]. We explicitly showed that
the average transverse velocity of emitted closed string massive modes was sufficiently
small even in the electric field, so that emitted massive closed strings were collected with
very high density.
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Appendix: Full S-brane
So far we consider the particular case (called half S-brane) of tachyon condensation in
which the open string tachyon sitting at the unstable vacuum in the infinite past rolls
down the potential to the locally stable vacuum in the infinite future, in a spatially
homogeneous manner. We can also consider the case (called full S-brane) in which the
open string tachyon sitting at the locally stable vacuum in the infinite past is lifted to
the unstable vacuum by some incoming closed string radiation, then successively rolls
down the potential with closed string radiation to the locally stable vacuum in the infinite
future, in a spatially homogeneous manner. We summarize the result for the full S-brane.
This system is described by a boundary CFT with a boundary interaction [3, 4] instead
of (1)
Sbnd = λ˜
∫
∂Σ
dτ coshX0(τ).
The boundary state for a Dp-brane in this theory takes a similar form to (2), but with
the rotation matrix R replaced with
R =

 cos(πλ˜) i sin(πλ˜)
i sin(πλ˜) cos(πλ˜)

 .
The wave functions are given by
ρ(x0) =
1
1 + λˆex0
+
1
1 + λˆe−x0
− 1, σ(x0) = 1 + cos(2πλ˜)− ρ(x0), (λˆ = sin(πλ˜),
and those in the background electric field are specified as in (11). The average total
number N¯ and the average total energy E¯ of closed string can be determined in the
formulae (26) and (27). N¯ is given by
N¯/Vp = 2
−pπ−p/2
∞∑
n=1
n
∫ ∞
0
ds s−1−
p
2 η
(
is
2π
)−24 (
2e−n
2γ2s − e−(n+ ipi ln λˆ)2γ2s − e−(n− ipi ln λˆ)2γ2s
)
.
(52)
E¯ is given by
E¯/Vp = 2
−pπ−1−
p
2
∞∑
n=1
∫ ∞
0
ds s−
p
2 γ η
(
i
s
2π
)−24
×
(
2n2e−sγ
2n2 − n(n+ a)e−sγ2(n+a)2 − n(n− a)e−sγ2(n−a)2
)
, a =
i
π
ln λˆ. (53)
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E¯ and N¯ are zero in the case of λˆ = 1, and may have divergence from massive closed
strings in the case of smaller λˆ.
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